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We give counterexamples to Menger-type theorems claimed in Cl]. 
In [l], Boesch, Harary, and Kabell investigate measures of vulnerability in 
communication networks. They consider, in particular, the minimum number of 
points of a graph G whose deletion increases its diameter, and call this parameter 
the persistence of G. (The parameter is well defined unless G is disconnected or 
complete.) A main result of their paper reads as follows: 
Claim A [ 1, Theorem 21. The persistence of a graph G of diameter d is equal to the 
minimum over all pairs of non-adjacent points (u, v) of the maximum number of 
disjoint u-v patlts of length d or less. 
Implicit in the proof of this theorem is the following assertion: 
Ciaim B [l, p. 601. For any pair (u, v) of non-adjacent points in a graph G of 
diameter d, the minimum number of points whose deletion destroys all U-W paths of 
length d or less is equal to the maximum number of disjoint u-v paths of length d or 
less. 
A closely related result can be found in an article of LovBsz, Neumann-Lara, 
and Plummer [7]. For a pair (u, v) of non-adjacent points in a graph G and a 
positive integer n, these author define A,, (u, v) to be the maximum number of 
disjoint u-v paths of length n or less, and V,,( u, v) to be the minimum number of 
points whose deletion destroys all 14-v paths of length n or less. With this 
notation, Claim B can be restated as 
Claim B’ For any pair (u, v) of non-adjacent points in a graph G of diameter d, 
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Lovasz et al. (see also [4] and [S]) establish the following result: 
Theorem C [‘7, Theorem 1, case ~tl = 01. For any pair (u, u) of points of distance 
n ‘a 2 in a graph G, 
A,(@, u) = V,(u. u). 
(Note that Claim B’, restricted to pairs (u, u) of distance d, coincides with 
Theorem C in the case n = d.) . 
Lovasz et al. also give a simple example illustrating that Theorem C does not 
necessarily hold for n greater than the distance between u and t) (see Fig. 1). 
Here A J u, u) = 1, while VJu, u) = 2. For n 3 5, the problem of determining 
A,( u, 0’1 is, in fact, NP-complete [6]. The behaviour of the function 
sup V&Q, R.J)/A,,( u, u), taken over all graphs G and all pairs of non-adjacent 
points (u. u), has been studied by several authors [2, 3, 71. 
By adding a new point y to F, adjacent to x, we obtain a diameter 5 
counterexample to Claim B’ (and B). A counterexample to Claim A can also be 
built from F (see Fig. 2). This graph has diameter d = 5, persistence 2 (it remains 
of diamctcr 5 after the deletion of any one vertex), and the minimum over all 
pairs of non-adjacent points (u, u) of the maximum number of disjoint u-u paths 
of lengh d = 5 or less (achieved at (ug, u,)) is 1. To see this, we note that (for 
d = 5): 
(8 Every uo-u. path of length d or less includes at least two of the points a,, 
a2, u3. In particular, no two such paths are disjoint. 
f ii) ‘4:or each point x # zdo, uO, there is a uo-u. path of length d or less avoiding 
x. 
(iii) Every pair (x, y ) of points, except for (Q u,) and symmetrical pairs, are 
connected by two disjoint paths of length d or less. 
For graphs of diameters 2, 3, and 4, Claims A and B are valid, because 
A, (u., II) = V,, (u, u) for any pair of non-adjacent points (u, u) and any n = 2, 3, 4 
17, I’hcorcms 2 and 3). A counterexample Gd to Claim A, for each diameter 
d > !:, can be constructed from G by adjoining to it new points ri, $, 4, Ui, and new 
lint:!r rig,, Sit,, tiui, ri__lri% Si...lSi, k-lti, ui-lvi, for all i, i= 1, 2,. . . , k=d-5. 
Observations (i), (ii), and (iii) now hold for general d (replacing u0 by Q). mis is 
cas.il! verified from (i), (ii), and (iii) above. For example (iii), with a general d, is 
.Jbvictrs unless x E V(G), y$ V(G). If, for instance, y = $, then use (iii) with d = 5 
to WI two disjoint x-s0 paths of length 5 or 1~ and note that one of them must 
F: 
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G: 
Fig. 2. 
pass through r. or to. Combine the x-tb, or x-r,, path of length 4 or less, and the 
x-so path of length 5 or less, with their natural extensions, to obtain two disjoint 
x-y paths of length d or less.] 
Again, the persistence is 2, while &(wo, Q) = 1. The difference between these 
two values can be made arbitrarily large by taking the lexicographic product 
GJH] of Gd with any graph H. If H is of order m, then the persistence of GJH] 
is at least (in fact, exactly) 2m, because the deletion of fewer than 2m points 
eliminates at most one copy of 1% On the other hand, the maximum number of 
disjoint paths of length d or less between a point of (u,) x V(H) and a point of 
1%) x V(H) is at most (in fact, exactly) &n]. because, by (i), each such path 
includes at least two of the 3m points (a,, h), i = 1, 2, 3, h E V(M). 
A second main result of [l] is a line version of Claim A. The line persistence of 
a graph G is defined to be the minimum number of lines whose deletion increases 
its diameter. 
Claim D [ 1, Theorem 31. The line persistence of a graph G of diameter d is equal to 
the minimum over all pairs of points (u, v) of the rxaximurn number of line-disjoint 
U-U paths of length d or less. 
A simple modification of G yields a counterexample to Cl,aim D for d = 6 (see 
Fig. 3). This graph can also be extended to give a counterexample of arbitrary 
diameter d > 6. 
Fig. 3. 
220 3.A. Bandy, P. Hell 
Acknowtedgements 
We wish to thank J.C. Bermond, 6. Hahn, and C. Thomassen for helpful 
discussions on the topic of this note. We also acknowledge the stimulating 
environment at the Laboratoire de Recherche en Informatique, Universite de 
Paris-Sud, and the financial support of C.N.R.S., N.S.E.R.C., and the Canada- 
France Exchange Program. 
[ l] F.T. Boesch, F. Harary and J.A. Kabell, Graphs as models of communication network vulnerabil- 
Ity: connectivity and persistence, Networks 11 (1981) 97-63. 
121 S.M. Boyles and G. Exoo, A counterexample to a conjecture on paths of bounded length, J. 
Graph Theory 6 (1982) 205-209. 
[31 F.R.K. Chung, Problem in Proceedings of Sixth Hungarian Colloquium on Combinatorics, Eger, 
1981, Janos B6lyai Math. Sot., to appear. 
[4] R.C. Entringer; DE. Jackson and P.J. Slater, Geodetic connectivity of graphs, IEEE Trans. 
Circuits and Systems 24 (1977) 460-463. 
[5] J. Hartman and I. Rubin, 0n diameter stability of graphs, in: Y. Alavi and D.R. Lick, eds., Theory 
and Applications of Graphs. Springer Lecture Notes No. 642 (1978) 247-254. 
[6J A. Itai, Y. Per1 and Y. Shiloach, The complexity of finding maximum disjoint paths with length 
constraints. Networks 12 (1982) 277-286. 
[7] 1,. Lov6sz. V. Neumann-Lara and M.D. Plummer, Mengerian theorems for paths of bounded 
Icngth, Period. Math. Hungar. 9 (1978) 269-276. 
